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CONSTRUCTING SURFACES WITH 1
(k−2)2 (1, k− 3)

SINGULARITIES

LIAM KEENAN

ABSTRACT. We develop a procedure to construct complex algebraic sur-
faces which are stable, minimal, and of general type, possessing a T-
singularity of the form 1

(k−2)2 (1, k− 3).
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1. INTRODUCTION

Moduli theory has a rich tradition in algebraic geometry. In this paper,
the example of interest is the quasi-projective moduli space of smooth min-
imal surfaces of general type constructed by Gieseker in [6]. In particular,
Gieseker proved the following theorem:

Theorem 1.1. [6] Fix positive integers K2 and χ. Then, there exists a quasi-
projective variety, denoted MK2,χ, which is a moduli space for smooth surfaces,
X, minimal and of general type over C with fixed K2

X = K2 and χ(OX) = χ.

Analogous to the work of Deligne and Mumford in compactifying Mg (see
[4]), the moduli space of smooth curves of genus g, the combined efforts of
Kollár, Shepherd-Barron, and Alexeev in [11] and [1] yielded a compacti-
fication of Gieseker’s moduli spaces.

Theorem 1.2. [11], [1] Fix positive integers K2 and χ. There exists a compacti-
fication, MK2,χ, of the moduli space MK2,χ.

The surfaces parameterized by MK2,χ are called stable surfaces, which are
allowed to have mild surface singularities. One kind of surface singularity
appearing on stable surfaces are T-singularities, which are the focus of this
paper. Recall that a cyclic quotient singularity of type 1

n (1, a) is the singu-
larity obtained from the quotient of C2 by the group Z/nZ, with action
given by the matrix (

ε 0
0 εa

)
1



2 LIAM KEENAN

where ε = exp( 2πi
n ) is a primitive nth root of unity and a is coprime to n.

Now a T-singularity is a cyclic quotient singularity of the form

1
dn2 (1, dna− 1),

where n, d, and a are integers with a coprime to n. This will all be revisited
in Section 2.

The aim of this paper is to provide a procedure which produces a com-
plex algebraic surface, minimal and of general type, with a T-singularity of
the form 1

(k−2)2 (1, k− 3), where k ≥ 5. We begin the body of the paper with
Section 2 by introducing the key tools and facts needed to prove that our
construction works. Section 3 is comprised of our main result, computa-
tions related to examples of surfaces containing the T-singularities 1

16 (1, 3)
and 1

25 (1, 4), and a connection to a theorem in [10].

2. BACKGROUND

Every algebraic variety considered is projective and over C. We now
recall notation and definitions which are freely used in the sequel. Let X
be a smooth algebraic surface.

KX is the canonical class of X.
pg(X) = h0(X, ωX) = h2(X,OX) is the geometric genus of X.
q(X) = h1(X,OX) is the arithmetic genus of X.
κ(X) is the Kodaira dimension of X.
χ(X) = χ(OX) = 1− q + pg is the Euler characteristic of X.

The following are fundamental results from algebraic geometry which
are frequently used to compute the invariants above.

Theorem 2.1 (Riemann-Roch for Surfaces). Let X be a smooth algebraic sur-
face, let L be an invertible sheaf on X, and let D be the divisor associated to L so
that OX(D) ' L. Then

χ(L) = χ(OX) +
1
2

D · (D− KX).

Proof. This is Theorem I.12 from [2]. �

Theorem 2.2 (Kodaira Vanishing). Let X be a smooth variety of dimension n
and let L be an ample invertible sheaf on X. Then

Hp(X,L⊗OX Ωq
X) = 0 for p + q > n.

In particular, for X a smooth algebraic surface, we have

Hp(X,L⊗ωX) = 0 for p > 0.

Proof. This is Theorem 2.1.3 from [5]. �

Proposition 2.3 (Adjunction Formula). Let X be a smooth algebraic surface
and let C be a smooth curve on X. Then

(C + KX) · C = 2g(C)− 2,

where g(C) is the genus of the curve C.

Proof. This is Proposition 1.5 from Chapter V of [7]. �
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Theorem 2.4 (Nakai-Moishezon Criterion). Let X be a smooth algebraic sur-
face. A divisor D on X is ample if and only if D2 > 0 and for every irreducible
curve C ⊆ X, the product D · C > 0.

Proof. This is Theorem 1.10 from Chapter V of [7]. �

Proposition 2.5. Let X be a smooth surface. Let C be an effective divisor on X,
let p ∈ X be a point of multiplicity m on C, and let π : X̃ → X be the blowup of
X at p. Then

π∗C = C̃ + mE,
where C̃ is the strict transform of C and E is the exceptional divisor.

Proof. This is Proposition 3.6 from Chapter V of [7]. �

Theorem 2.6 (Enriques-Kodaira Classification). Every complex algebraic sur-
face has a minimal model in exactly one of the following ten classes. This minimal
model is unique, unless the surface is rational.

TABLE 1. Minimal surface classes

Class of X κ(X) K2
X pg(X)

1) rational
2) class VII
3) ruled of genus g ≥ 1

−∞
8 or 9
≥ 0
8(1− g)

0

4) Enriques
5) bi-elliptic
6a) Kodaira (primary)
6b) Kodaira (secondary)
7) K3-surfaces
8) tori

0 0

0
0
1
0
1
1

9) properly elliptic 1 0 ≥ 0
10) general type 2 > 0 ≥ 0

For n ≥ 0, the n-th Hirzebruch surface is

Fn := P (OP1 ⊕OP1(n)) ,

the projectivization of the rank two vector bundle OP1 ⊕ OP1(n) over P1.
Hirzebruch surfaces are examples of geometrically ruled surfaces over P1

which happen to be minimal for n 6= 1, as we will see below. More gener-
ally, given a geometrically ruled surface p : S→ C, there exists a rank two
vector bundle E such that S and P(E) are isomorphic as projective bun-
dles over C (Proposition III.7 of [2]). The Hirzebruch surfaces have easily
described Picard groups and canonical classes, making intersection prod-
ucts simple to calculate. The following theorem is standard (see [2] and
[3]). Nonetheless, we provide a proof to indicate how some of the fun-
damental tools of algebraic geometry (e.g. homological algebra and sheaf
cohomology) are used in practice.

Proposition 2.7. Let n be an integer with n ≥ 0. Then
(1) Pic(Fn) ' Zh⊕Z f where h corresponds to OFn(1) and f is the class

of a fiber over P1. Furthermore, h2 = n, h · f = 1, and f 2 = 0.
(2) The canonical divisor KFn is linearly equivalent to −2h + (n− 2) f .

Proof. Proposition III.18 from [2] tells us that for a geometrically ruled sur-
face p : S = P(E) → C, where h is the class of OS(1) in Pic(S), the follow-
ing hold
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(i) Pic(S) ' p∗ (Pic(C))⊕Zh;
(ii) h2 = deg(E); and

(iii) KS = −2h + (deg(E) + 2g(C)− 2) f in Pic(S).
First, we prove (1). The morphism Fn → P1 induces a pullback p∗ :

Pic(P1) → Pic(Fn). Because Pic(P1) is the free abelian group generated
by the class of a point, p∗

(
Pic(P1)

)
is the free abelian subgroup of Pic(Fn)

generated by the class of a fiber. Denote this class by f . Thus, from (i) it
follows that Pic(Fn) ' Zh⊕Z f .

By Corollary III.12 from [2], the degree of OP1 ⊕OP1(n) is given by

(2.8) deg(OP1 ⊕OP1(n)) = χ(OP1 ⊕OP1(n))− 2χ(OP1).

Thus, to determine the left hand side we need only compute the Euler
characteristic of OP1 ⊕ OP1(n). Because P1 has genus zero and is one-
dimensional, χ(OP1) = 1. Consider the following exact sequence

(2.9)
0 OP1 OP1 ⊕OP1(n) OP1(n) 0α β

given by the maps α : s 7→ (s, 0) and β : (s, t) 7→ t. Recall that P1 is
one-dimensional and genus zero, so we have hi(OP1) = 0 for all i ≥ 1.
Now, because OP1(n + 2) is ample and ωP1 ' OP1(−2), by the Kodaira
vanishing theorem

Hi(P1,OP1(n)) ' Hi(P1,OP1(n + 2)⊗OP1(−2)) = 0

for i ≥ 1. By the long exact sequence associated to (2.9), it follows that for
i ≥ 1 we have Hi(P1,OP1 ⊕ OP1(n)) = 0. As a consequence of this, the
sequence

0→ H0(P1,OP1)→ H0(P1,OP1 ⊕OP1(n))→ H0(P1,OP1(n))→ 0

is exact, and furthermore, χ(OP1 ⊕OP1(n)) = h0(P1,OP1)+ h0(P1,OP1(n)).
For n ≥ 0, the C-vector space H0(P1,OP1(n)) consists of polynomials of
degree n on P1, hence has {xiyn−i}n

i=0 as a basis. Thus, h0(P1,OP1(n)) =
n + 1, so

χ(OP1 ⊕OP1(n)) = n + 2.
Thus, the left hand side of (2.8) is n, because 2χ(OP1) = 2. Substitute n for
deg(E) in (ii) and (1) is proved.

To prove (2), we substitute n for deg(E) and 0 for g(C) into the equation
given in (iii). �

One interesting consequence of Proposition 2.7 which we prove below
is that, on Fn, there is a unique irreducible rational curve with negative
self-intersection. Furthermore, this curve has self-intersection equal to−n.
From this, it will follow that Fn is minimal for n 6= 1 and non-minimal for
n = 1.

Proposition 2.10. Let n ≥ 0 be an integer. On Fn, there exists a unique irre-
ducible curve D with negative self-intersection. Furthermore, D2 = −n.

Proof. Let D be a curve linearly equivalent to h− n f . In order to show that
D exists, it suffices to prove that the linear system |h − n f | has nonzero
dimension. In particular, one must compute h0(OFn(h− n f )). From this,
it follows that D2 = (h− n f )2 = −n.

Suppose that n 6= 1. Let C 6= D be any irreducible curve on Fn, so in
the Picard group we can write C = αh + β f for some α, β ∈ Z, where at
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least one of α, β is nonzero. As C · f ≥ 0, it follows that αh · f ≥ 0, so
that α ≥ 0. Similarly, since D = h− n f is an irreducible curve on Fn, we
have C · D ≥ 0, which means that (αh + β f ) · (h− n f ) ≥ 0 which is true
if and only if βh · f = β ≥ 0. Thus, C2 = α2n + 2αβ ≥ 0, so there can be
no irreducible curves on Fn with C2 = −1. It follows that for n 6= 1 the
surface Fn is minimal. �

Corollary 2.11. For n 6= 1, we have

(1) κ(Fn) = −∞
(2) pg(Fn) = 0; and
(3) K2

Fn
= 8.

Proof. As Fn is rational and minimal for n 6= 1, (1) and (2) follow immedi-
ately from the Enriques-Kodaira classification theorem. From the compu-
tation

K2
Fn

= (−2h + (n− 2) f )2

= 4n− 4(n− 2)
= 8,

(3) follows. �

2.1. Singularities. Recall from the introduction that the moduli spaces
MK2,χ parameterize stable surfaces. The types of singularities permitted
on stable surfaces are semi log canonical. Here we provide a definition of
stable surfaces but omit the definition of semi log canonical (this can be
found in [11]).

Definition 2.12. A stable surface is a reduced Cohen-Macaulay projective
surface X over C such that X has semi log canonical singularities and the
dualizing sheaf ωX is ample.

We recall the definitions of cyclic quotient singularities and T-singularities.

Definition 2.13. A cyclic quotient singularity of type 1
n (1, a) is a singularity

obtained from the quotient of C2 by the group Z/nZ, with action given
by the matrix (

ε 0
0 εa

)
where ε = exp( 2πi

n ) is a primitive nth root of unity and a is coprime to n.
A T-singularity is a cyclic quotient singularity of the form

1
dn2 (1, dna− 1),

where n, d, and a are integers such that a is coprime to n.

By Proposition 3.11 of [11], these singularities are determined by the ex-
ceptional curves obtained from the minimal resolution of a surface with
such a T-singularity. In this situation, the exceptional divisors form what
are called Hirzebruch-Jung strings. In fact, every cyclic quotient singular-
ity can be realized as a contraction of a Hirzebruch-Jung string, and vice
versa.

Definition 2.14. Let X be a smooth algebraic surface. A Hirzebruch-Jung
string on X of length r is a union C =

⋃r
i=1 Ci of smooth rational curves
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such that

C2
i ≤ −2 for all i,

Ci · Cj = 1 if |i− j| = 1, and

Ci · Cj = 0 if |i− j| ≥ 2.

The notation [b1, . . . , br] is used to denote a Hirzebruch-Jung string C =⋃r
i=1 Ci where −bi = C2

i .
The Hirzebruch-Jung string [b1, . . . , br] is the exceptional divisor of the

minimal resolution of a surface Y containing a 1
n (1, a) singularity, where

n
a
= b1 −

1

b2 −
1

. . . −
1
br

Example 2.15. Let k ≥ 5 be an integer. Then the string [k, 2, . . . , 2] of length
k − 3 is a Hirzebruch-Jung string, corresponding to a T-singularity. To
determine which T-singularity it corresponds to, we compute the value of

k−
1

2−
1

. . . −
1
2

Because the chain has length k− 3,

1

2−
1

. . . −
1
2

=
k− 4
k− 3

,

implying that

k−
1

2−
1

. . . −
1
2

= k− k− 4
k− 3

=
(k− 2)2

k− 3
.

Thus, the chain [k, 2, . . . , 2] of length k − 3 is the exceptional divisor of a
minimal resolution of the T-singularity 1

(k−2)2 (1, k− 3).

We have been implicitly referencing the fact that T-singularities are semi
log canonical, so here we make this fact explicit.

Proposition 2.16 ([8] and [11]). Let X be a smooth algebraic surface, and let
E ⊆ X be the Hirzebruch-Jung string [b1, . . . , br] corresponding to the singular-
ity 1

n (1, a). If f : X → Y is the contraction of E to the point p ∈ Y, then Y has
a 1

n (1, a) singularity at p, and this singularity is log canonical, hence semi log
canonical.

Proof. This is Remark 4.9 from [8] combined with part (ii) of Theorem 4.21
from [11]. �
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2.2. Mappings of Surfaces.

Construction 2.17. The following construction is described in the discus-
sion preceding Theorem 7.1 from Chapter III of [3]. Let X be a normal
surface and Y a smooth surface, both connected, and let γ : X → Y be
a double cover, branched over a divisor B ⊆ Y. Assume that B has at
worst ADE singularities. Because Y is assumed smooth, the singularities
of X must necessarily lie over the singularities of B, and can be resolved
via the following procedure. Let µy be the multiplicity of y ∈ B and let
σ1 : Y1 → Y be the simultaneous blowup of all singular points y ∈ B. If
Ey = σ−1({y}) is the exceptional curve over y, then σ∗(B) = B + ∑ µyEy
is the total transform of B. Let X1 be the double cover of Y1, branched over

B1 = B + ∑
µy odd

Ey.

Unless B1 is nonsingular we repeat this construction, replacing B with B1
to obtain B2 and so on. Since the new branch curves B1, B2, . . . , are con-
tained in the total transforms of B, Theorem 7.2 of Chapter II of [3] implies
that after finitely many steps we obtain a smooth curve Bk, hence Xk is a
resolution of singularities for X. In the following theorem we will denote
this smooth curve Bk by Bres. We call this divisor the resolved branch divisor
of B.

Theorem 2.18. [3] Let γ : X → Y be a double cover with X normal and Y
nonsingular, ramified over the (reduced) curve B ⊆ Y, assumed to have at worst
ADE singularities. Let L be an invertible sheaf on Y defined by L⊗2 = OY(B),
which determines the double cover γ. Consider the following diagram

X X

Y Y

τ

γ γ

σ

where σ is a sequence of blow ups resolving the singularities of B, τ is a sequence
of blow ups resolving X, the surface X is nonsingular, and γ is the double cover
branched over Bres. Then the diagram commutes and

ωX = (γ ◦ τ)∗
(
ωY ⊗OY L

)
.

Furthermore, if L denotes the divisor associated to the line bundle L above, then
the following equations hold:

(1) χ(X) = 2χ(Y) + 1
2 (L · KY) +

1
2 (L · L)

(2) pg(X) = pg(Y) + h0(Y,OY(KY + L)).
(3) K2

X
= 2K2

Y + 4(L · KY) + 2(L · L).

Proof. Theorem 7.2 from Chapter III and Section 22 from Chapter V of [3].
�

The following is an example of Construction 2.17, which we will be fun-
damental in the proof of our main theorem.

Example 2.19. Let Y = C2 and let B be the divisor given by the equation
x2 + y2m = 0. It follows that B is singular at the point

p0 = (0, 0) ∈ C2.

Blow up Y at p0 via σ1 : Y1 → Y. Because B is given by x2 + y2m = 0 in
local coordinates, µp0(B) = 2. By Proposition 2.5, σ∗1 B = B + 2D1, where
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D1 is the exceptional curve of the blow up σ1. This means that D2
1 = −1.

By making the change of coordinates (x, y) 7→ (uv, v), on an affine open of
Y1 the pullback of B is given in local coordinates by v2(u2 + v2m−2) = 0.
In particular, 2D1 has local equation

v2 = 0

and B, the strict transform of B, has local equation

u2 + v2m−2 = 0

By Construction 2.17, we set B1 = B as µp0(B) = 2. Let p1 ∈ Y be the
point (0, 0) in the local coordinates u, v. Because B1 is locally given by
u2 + v2m−2 = 0, it meets the point p1 = (0, 0) with multiplicity two. Fur-
thermore, assuming m > 1, p1 ∈ B1 is singular, so we blow up at p1 via
σ2 : Y2 → Y1.

By Proposition 2.5, we have σ∗2 B1 = B1 + 2D2. Making the change of
coordinates (u, v) 7→ (st, t) on an affine patch, the divisor σ∗2 B1 is given in
local coordinates s, t by

t2
(

s2 + t2m−4
)
= 0.

Because µp1(B1) = 2, Construction 2.17 dictates we set B2 = B1, given in
local coordinates by

s2 + t2m−4 = 0.
Furthermore, the exceptional curve D2 has D2

2 = −1 and the strict trans-
form of D1, now has self intersection −2 because we blew up at p1 ∈ D1.
By abuse of notation, we denote the strict transform of D1 by D1.

Iterate this procedure until we obtain a branch divisor which is nonsin-
gular. In particular, we blow up m times. This is because on the mth blow
up, the pullback σ∗mBm−1 = Bm−1 + 2Dm is given in local coordinates by

v2(u2 + 1) = 0.

Because Bm−1 is given by
u2 + 1 = 0

and 2Dm by
v2 = 0,

we set Bm = Bm−1. Since in local coordinates Bm is nonsingular, the divisor
Bm is nonsingular and we stop resolving. Let Y = Ym and let

σ : Y → Y

denote σm ◦ · · · ◦ σ1.
The curves Bm and Dm meet transversally in two points. Additionally,

notice that the exceptional curve Dm has self-intersection D2
m = −1 in

contrast to the other curves in the exceptional divisor of σ, all of which
have D2

i = −2. This is because after blowing up at the point pi−1 and
creating Di, we blew up the point pi ∈ Di, decreasing the self-intersection
of Di from −1 to −2, for 1 ≤ i ≤ m− 1. Furthermore, when |i − j| = 1,
we have Di · Dj = 1, because one of these rational curves was created by
blowing up at a point lying on the other. In summary, σ has produced a
chain of rational curves, D1 ∪ · · · ∪ Dm, which satisfy

• D2
i = −2, for 1 ≤ i ≤ m− 1,

• D2
m = −1,

• Di · Dj = 1 for |i− j| = 1, and
• Di · Dj = 0 for |i− j| > 1.



CONSTRUCTING SURFACES WITH 1
(k−2)2

(1, k− 3) SINGULARITIES 9

Additionally, Bres = Bm (the resolved branch divisor of B) meets Dm transver-
sally in two points and is disjoint from all the other Di.

Let γ : X → Y be the double cover branched over Bres. For i 6= m, the
rational curve Di is disjoint from Bres, so

γ∗Di = Ei + E′i ,

where Ei, E′i ' Di, and Ei ∩ E′i = ∅. As a consequence, for i 6= m, both
Ei and E′i are rational and E2

i = (E′i)
2 = −2, hence they are (−2)-curves.

Now for i = m, define
Em = γ∗Dm.

Then Em is a rational curve on X by the Hurwitz formula, and since γ

is a double cover, E2
m = −2, which means that Em is also a (−2)-curve.

Furthermore, for |i − j| = 1 we have Ei · Ej = 1 and E′i · E′j = 1 and Em ·
E′m−1 = 1 by the relations among the Di’s. Thus, these curves assemble to
yield the Hirzebruch-Jung string [2, . . . , 2] of length 2m− 1.

3. STABLE SURFACES WITH T-SINGULARITIES

3.1. Main Results. In this section, we prove that under mild hypothe-
ses, there exists a stable surface, minimal and of general type which has
a T-singularity of the form 1

(k−2)2 (1, k − 3). In particular, the minimal
resolution of this surface contains a Hirzebruch-Jung string of the form
[k, 2, . . . , 2] of length k− 3.

Proposition 3.1 ([10]). Let a and n be non-negative integers with a ≥ 1 and
n ≥ 2. Let Y = Fn and suppose B ∼ 6h + 2a f has at worst ADE singularities.
Consider the commutative square from Proposition 2.18

X X

Y Y = Fn

σ

γ γ

σ

where γ is the double cover of Y branched over B, σ is the minimal resolution of
X, the map σ is a sequence of blow ups resolving the singularities of B, and γ is
the double cover branched over Bres, the resolved branch divisor of B. Then the
surface X is minimal and of general type with the following invariants:

(1) K2
X
= 6n + 4a− 8;

(2) pg(X) = 3n + 2a− 2;
(3) q(X) = 0; and
(4) χ(X) = 3n + 2a− 1.

Proof. We will show that the surface X is minimal and has the given invari-
ants. We then use the Enriques-Kodaira classification theorem to conclude
it is of general type.

Because Fn is minimal and γ is a double cover, the surface X must also
be minimal. This is because if we did have some (−1)-curve on X, call it
C, the pushforward γ∗C would also have to be a (−1) curve. This cannot
happen as Fn is minimal, so X must be minimal. Finally, since X is the
minimal resolution of X, and X has no worse than ADE singularities, it
follows that X must also be minimal.

Recall that KFn ∼ −2h + (n− 2) f and L ∼ 1
2 B ∼ 3h + a f , where L is the

divisor associated to the line bundle determining γ. Now, by Theorem 2.6,
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to show X is of general type, we only need to show K2
X
> 0 and pg(X) > 0.

By Theorem 2.18,

K2
X = 2K2

Fn
+ 4(L · KFn) + 2(L · L)

= 16 + 4(−6n + 3(n− 2)− 2a) + 2(9n + 6a)
= 6n + 4a− 8.

Because n ≥ 2 and a ≥ 1, it follows that K2
X
> 0. Again by Theorem 2.18,

we have

(3.2) pg(X) = pg(Fn) + h0(Fn, ωFn ⊗L) = h0(Fn, ωFn ⊗L)

To compute this, we first show that L is ample, and then apply Riemann-
Roch and Kodaira vanishing.

To see the ampleness of L, first observe that L2 = 9n + 6a > 0. Now let
C be an irreducible curve on Fn. By Proposition 2.10, C is either the unique
curve on Fn with C2 = −n or C ∼ αh + β f , where α, β ≥ 0 and α 6= 0 or
β 6= 0. In the former case,

L · C = (3h + a f ) · (h− n f ) = 3n− 3n + a > 0.

In the latter,

L · C = (3h + a f ) · (αh + β f ) = (3n + a)α + 3β > 0.

Since in either case L ·C > 0, the divisor L is ample by the Nakai-Moishezon
criterion. Thus, Kodaira vanishing implies that

h1(OFn(KFn + L)) = h2(OFn(KFn + L)) = 0.

Furthermore, because Fn is rational, χ(OFn) = 1. These two facts, along
with Riemann-Roch, imply that

χ(OFn(KFn + L)) = h0(OFn(KFn + L))

= χ(OFn) +
1
2
(KFn + L) · L

= 1 +
1
2
(h + (n + a− 2) f ) · (3h + a f )

= 1 + 3n + 2a− 3
= 3n + 2a− 2.

Using equation (3.2) above, we have

pg(X) = 3n + 2a− 2,

because pg(Fn) = 0. Again by Theorem 2.18, since

χ(X) = 2χ(Fn) +
1
2
(L · KFn) +

1
2
(L · L),

it follows that

χ(X) = 2χ(Fn) +
1
2
(3h + a f ) · (−2h + (n− 2) f ) +

1
2
(3h + a f ) · (3h + a f )

= 2 +
1
2
(6n + 4a− 6)

= 3n + 2a− 1.
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Because χ = 1− q + pg, and

χ(X) = (3n + 2a− 2) + 1 = pg(X) + 1,

we conclude that q(X) = 0.
Finally, because n ≥ 2 and a ≥ 1, we have pg(X) > 0 for all n and a.

Thus, X is of general type by the Enriques-Kodaira classification theorem.
�

Proposition 3.3. Fix positive integers k ≥ 5 and n ≥ 2 so that k − 2n ≥ 1.
Let B ⊆ Fn be in the linear system |6h + 2(k− 2n) f |. Suppose that B is given
in local coordinates by the equation x2 + y2(n+k) = 0, meeting h with maximal
tangency. That is, h is given by y = 0 in local coordinates. Then the surface
X given by the minimal resolution of the double cover of Fn branched over B
contains a Hirzebruch-Jung string [k, 2, . . . , 2] of length k− 3.

Proof. Let B ⊆ Fn be in the linear system |6h+ 2(k− 2n) f |. Suppose that B
is given in local coordinates by the equation x2 + y2(n+k) = 0, and set m =
n + k. If we proceed as in Example 2.19, by repeatedly blowing up points
of B which also lie on h, we obtain a map σ : Y → Y, whose exceptional
divisor is a chain of rational curves D1, . . . , Dm. As in Example 2.19 Bres,
the resolved branch divisor of B, meets the curve Dm transversally in two
points. Moreover, Bres is disjoint from h, the strict transform of h. This is
because in blowing up repeatedly, we decrease the tangency of B to h until
they no longer meet one another. Furthermore, since each point we have
blown up lies on h or one of its strict transforms, and h is smooth, we have

decreased the self-intersection of h by a total of m = n + k, i.e. h
2
= −k.

By defining Dm+1 = h, it is immediate that Dm+1 is disjoint from Bres and
that D2

m+1 = −k.
In summary, for 1 ≤ i, j ≤ m + 1,

Di · Dj =



0, |i− j| > 1
1, |i− j| = 1
−2, i = j ≤ m− 1
−1, i = j = m
−k, i = j = m + 1

, |i− j| = 0

Now, take the double cover γ : X → Y with respect to Bres. Because
Dm · Bres = 0 for i 6= m, and Dm · Bres = 2, we see that for i 6= m, the
pullback of Di is given by

γ∗Di = Ei + E′i
where Di ' Ei, Di ' E′i and Ei ∩ E′i = ∅. Immediately, for all i 6= m the
curves Ei and E′i are rational. Furthermore, because (γ∗Di)

2 = 2(Di)
2 and

Ei ∩ E′i = ∅, we conclude that for i 6= m, m + 1, we have (Ei)
2 = (E′i)

2 =

−2 and for i = m + 1, we have (Em+1)
2 = (E′m+1)

2 = −k. Now for i = m,
the pullback is given by

γ∗Dm = Em,
for Em an irreducible curve on X. Again, because γ is a double cover,
(Em)2 = (γ∗Dm)2 = −2. By the Hurwitz formula, a curve over P1 branched
at two points is genus zero curve, so it follows that 2g(Em) = 0. Thus, Em
is a (−2)-curve.

The intersection-theoretic properties of the curves Di determine exactly
how the curves on X meet. In particular,
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Ei · Ej =

{
0, |i− j| > 1
1, |i− j| = 1

and

E′i · E′j =
{

0, |i− j| > 1
1, |i− j| = 1

with

Em · E′m+1 = Em · E′m−1 = 1.
The relations between all the Ei and E′i are summarized in Figure 2.

FIGURE 1. The Surface X

Let H = Em+1 + Em + · · ·+ En+5. By the relations above, for n + 5 ≤ i, j ≤
m + 1,

Ei · Ej =


1, |i− j| = 1
0, |i− j| > 1{
−2, i = j 6= m + 1
−k, i = j = m + 1

, |i− j| = 0

It follows that H is a Hirzebruch-Jung string of the form [k, 2, . . . , 2], and
since m + 1− (n + 5) = n + k + 1− (n + 5) = k− 4, the string is of length
k− 3. Figure 2 below illustrates the Hirzebruch-Jung string H on X. �
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FIGURE 2. The Hirzebruch-Jung String H

We will use the surface X constructed in Proposition 3.3 to prove the ex-
istence of a minimal surface of general type with T-singularity 1

(k−2)2 (1, k−
3). In particular, we will contract a Hirzebruch-Jung string on X. The next
two results with be used in the proof of Theorem 3.6.

Lemma 3.4. Let Y be an algebraic surface with a T-singularity and let ϕ : X →
Y be a resolution. If X is minimal and of general type, then Y is minimal and of
general type.

Proof. The resolution ϕ : X → Y is equivalently a contraction of the
Hirzebruch-Jung string determining the T-singularity. Because ϕ is a con-
traction of finitely many rational curves, it is birational, so

pg(Y) = pg(X) > 0.

Furthermore, a contraction does not create any (−1)-curves, so Y is mini-
mal as well. By Proposition 20 from [9],

K2
Y = K2

X + r,

where r is the length of the contracted Hirzebruch-Jung string. Thus,

K2
Y = K2

X + r > 0,

so by the Enriques-Kodaira classification theorem, Y is of general type. �

Proposition 3.5 ([3]). Let X be a minimal surface of general type and C an
irreducible curve on X. Then KX · C ≥ 0 with equality exactly when C is a
(−2)-curve.

Proof. This is Corollary 2.3 from Chapter VII of [3]. �
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Theorem 3.6. Assume the hypotheses of Proposition 3.3. If we contract the di-
visors H, G1 and G2 (as defined below), as well as any other (−2)-curves on X,
we obtain a stable surface, W, minimal and of general type with T-singularity

1
(k−2)2 (1, k − 3). Furthermore, W has invariants given by the following equa-
tions:

(1) K2
W = 5k− 2n− 11;

(2) pg(W) = 2k− n− 2;
(3) χ(W) = 2k− n− 1; and
(4) q(W) = 0.

Proof. Let ϕ : X →W be the contraction of the divisors

H = Em+1 + Em + · · ·+ En+5

G1 = En+3 + · · ·+ E1, and

G2 = E′1 + · · ·+ E′m−2

followed by the contraction of any remaining (−2)-curves on X. We can
view ϕ as first contracting H to obtain a surface V containing the chains
G1 and G2. This is illustrated in Figure 3.

FIGURE 3. The Surface V

In contracting H, the images of En+4 and E′m−1 are no longer necessarily
(−2)-curves, as they meet the newly-formed T-singularity. Thus, we do
not contract them. Then the chains G1 and G2 are contracted, along with
any remaining (−2) curves. The resulting surface W has a T-singularity
and multiple ADE singularities. This is illustrated in Figure 4 below.
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FIGURE 4. The Surface W

Because ADE singularities do not affect the canonical class, by Lemma
3.4, W is minimal and of general type. Furthermore, by Proposition 2.16,
the surface W has semi log canonical singularities. Thus, to show that W
is stable, it remains to prove that KW is ample.

By Proposition 3.5, for all irreducible curves C ⊆ W, the intersection
product KW · C ≥ 0 and KW · C = 0 if and only if C is a (−2)-curve.
Since the only curves on W which are possibly (−2)-curves are ϕ∗En+4 and
ϕ∗E′m−1, it suffices to show that KW · ϕ∗En+4 > 0 and KW · ϕ∗E′m−1 > 0.
By the projection formula for intersection products,

KW · ϕ∗En+4 = ϕ∗KW · En+4, and KW · ϕ∗E′m−1 = ϕ∗KW · E′m−1.

Because the T-singularity and ADE singularities on W are log canonical
(see [11]) the pullback of KW is given by

ϕ∗KW = KX +
m+1

∑
j=n+5

ajEj,

where aj > 0 for all j. Computing the intersection products, we find that

ϕ∗KW · En+4 =

(
KX +

m+1

∑
j=n+5

ajEj

)
· En+4

= an+5En+5 · En+4

= an+5 > 0

and
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ϕ∗KW · E′m−1 =

(
KX +

m+1

∑
j=n+5

ajEj

)
· E′m−1

= amEm · E′m−1

= am > 0.

These computations combined with the fact that K2
W = K2

X
+ k − 3 > 0

(Lemma 3.4), imply, by the Nakai-Moishezon criterion, that KW is ample.
Thus, the surface W is stable, minimal, and of general type.

The verification of formulae (2)-(4) follow readily from the formulae in
Proposition 3.1 by substituting k − 2n for a. The formula (1) follows in
virtue of the fact that K2

W = K2
X
+ r (Proposition 20 in [9]), by substituting

a = k− 2n and r = k− 3. �

3.2. Consequences and Examples. Throughout these examples, assume
that we can choose B ∼ 6h + 2(k − 2n) f on Fn so that it satisfies the hy-
potheses of Theorem 3.6.

Example 3.7. Fix k = 6, so that surface we construct has a 1
16 (1, 3) singu-

larity. To have k− 2n ≥ 1 the equality n = 2 is forced. Furthermore, since
k = 6, it follows that r = k− 3 = 3. By the formulae given in Theorem 3.6,
we have

• K2
W = 6(2) + 4(2)− 8 + 3 = 12 + 3 = 15;

• pg(W) = 3(2) + 2(2)− 2 = 8; and
• χ(W) = 3(2) + 2(2)− 1 = 9.

This implies that for k = 6, we obtain a surface W which lies in the moduli
space M15,9, sitting over the Noether line by 3.

Example 3.8. Fix k = 7, so that the surface we construct has a 1
25 (1, 4)

singularity. Notice that n = 2 and n = 3 satisfy k− 2n ≥ 1, so we consider
both. When n = 2, we have

• K2
W = 6(2) + 4(3)− 8 + 4 = 20;

• pg(W) = 3(2) + 2(3)− 2 = 10; and
• χ(W) = 3(2) + 2(3)− 1 = 11.

Thus, W lies in M20,11 and sits over the Noether line by 4. When n = 3, we
have

• K2
W = 6(3) + 4(1)− 8 + 4 = 18;

• pg(W) = 3(3) + 2(1)− 2 = 9; and
• χ(W) = 3(3) + 2(1)− 1 = 10.

Thus, W lies in M18,10, and sits over the Noether line by 4.

Theorem 3.6 provides one way to construct stable surfaces with the
specified invariants. Another such way is provided by Persson in [10],
via genus two fibrations. In particular, it follows from Theorem 3.9 that
there are smooth minimal surfaces of general type with the invariants in
Proposition 3.3 which are genus two fibrations.

Theorem 3.9. Let x and y be positive integers satisfying

2x− 6 ≤ y ≤ 8x and y 6= 8x−m

(where m = 2, or m is odd and 1 ≤ m ≤ 15 or m = 19). Then there exists a
minimal surface of general type X with K2

X = y and χ(X) = x which is a genus
two fibration.
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Proof. This is one of the main results in [10]. �

Corollary 3.10. The invariants of W (as constructed in Theorem 3.6) satisfy the
above inequality, so there exists a genus two fibration X with K2

X = K2
W and

χ(X) = χ(W).

Proof. By the formulae given in Proposition 3.1, we have 2χ− 6 = 2(3n +
2a− 1)− 6 = 6n + 4a− 8 = K2

X
and 8χ(W) = 24n + 16a− 8. As K2

X
≤ K2

W
we only need check K2

W ≤ 8χ. Indeed, it is certainly the case that

6n + 4a− 8 + r ≤ 24n + 16a− 8,

as n and a are positive and nonzero integers. Furthermore, 8χ(W)−K2
W =

24n + 16a− 8− (6n + 4a− 8 + r) = 18n + 12a− r, so for a = k− 2n ≥ 1
and r = k− 3, we have

8χ(W)− K2
W = 18n + 12(k− 2n)− (k− 3)

= 11k− 6n + 3

≥ 11(2n + 1)− 6n + 3
= 16n + 14
≥ 46.

This inequality guarantees that none of the exceptional cases of Theorem
3.9 hold. In particular, K2

W − 8χ(W) ≥ 46 implies that K2
W 6= 8χ(W)− m

for m = 2 or m odd and 1 ≤ m ≤ 15 or m = 19. Thus, by Theorem 3.9 the
claim follows. �

4. QUESTIONS AND FUTURE WORK

Question 4.1. Is there a way to remove the hypothesis in Proposition 3.3 and
Theorem 3.6 that B must be given in local coordinates by x2 + y2(n+k) = 0?

In order to determine whether or not this can be done, we would have
to compute h0(OFn(6h + 2(k − 2n) f )), and argue that the dimension of
|6h + 2(k− 2n) f | gives us sufficiently many degrees of freedom to choose
D ∈ |6h+ 2(k− 2n) f | given in the local coordinates by the equation above.
Unfortunately, this is a complicated problem, and the author did not have
enough time to determine whether the technical hypothesis can be lifted.

Question 4.2. Could we use Persson’s work in [10] to construct the surfaces
we have built in Theorem 3.6? Theorem 3.9 provides a way to construct surfaces
with invariants equal to those from Theorem 3.6, but it is unknown whether these
surfaces have the T-singularities [k, 2, . . . , 2].

The author needs to further familiarize himself with the work in [10] in
order to make assertions about next steps for Question 4.2.

Question 4.3. Let k ≥ 5. Let W be the surface constructed in Theorem 3.6 with
a 1

(k−2)2 (1, k− 3) singularity, and let MK2,χ(k) be the moduli space in which W
lies. Now if we consider a Q-Gorenstein smoothing of W, that is, a one-parameter
Q-Gorenstein deformation with smooth general fiber, this smoothing determines
a divisor in the boundary of MK2,χ(k). Does this divisor ever determine an em-
bedding into projective space? If so, when does it, and if not, why?

Initial steps towards answering this question would be to explicitly con-
struct Q-Gorenstein smoothings of W for small k. Hopefully these exam-
ples would inform us about the general case.
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